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This paper investigates the 2-class group of real multiquadratic
number ﬁelds. Let p1, p2, . . . , pn be distinct primes and K =
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√
p1,
√
p2, . . . ,
√
pn). We draw a list of all ﬁelds K whose 2-
class group is trivial.
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1. Introduction
Let K be a totally real abelian number ﬁeld of 2-power degree. Denote by K (∗) (resp. K(∗)) the
absolute genus ﬁeld of K (resp. the narrow genus ﬁeld of K ). A. Fröhlich has shown that the class
number of K is even whenever the number of ramiﬁed primes in K is  5 [7, Theorem 5.6]. Moreover,
if K (∗) = K(∗) , then the class number of K is even whenever the number of ramiﬁed primes in K
is  4. It is clear that in this case, the primes ramiﬁed in K are ≡ −1 (mod 4).
Now let p1, p2, . . . , pn be distinct prime numbers and K = Q(√p1, . . . ,√pn). Then if n  5, the
class number of K is even. Therefore studying the parity of the class number of K is reduced to
studying the parity of the class number of K in the case n 4.
We note that in the case n  3, we ﬁnd in [3,5–7,11] list of ﬁelds K with odd class number
obtained by using different methods based on genus theory, the theory of central extensions and
circular units.
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that in [13], we proved that the 2-rank of the class group of K is  2 whenever the primes ramiﬁed
in K are ≡ −1 (mod 4).
The main result of this article is to select all ﬁelds K whose class number is odd. As an application,
we construct a family of 2-abelian extensions: Km = K (cos( π2m+2 )), m ∈ N, in which the class number
is odd. In other words, we ﬁnd the vanishing Iwasawa invariants of K .
The fundamental result of this article is the following theorem:
Theorem. Let p1, p2, p3 and p4 be distinct prime numbers and K = Q(√p1,√p2,√p3,√p4). Then the 2-
class group of K is trivial if and only if, after a suitable permutation of the indices, the pi have one of the
following properties:
(1) p1 = 2, p2 ≡ p3 ≡ p4 ≡ −1 (mod 4), ( 2p2 ) = −( 2p3 ) = −( 2p4 ) = 1 and (
p2
p3
)(
p2
p4
) = −1.
(2) p1 = 2, p2 ≡ −p3 ≡ −p4 ≡ −1 (mod 4), ( 2p2 ) = −1, and
(i) ( p2p3 ) = (
p2
p4
) = −1 and ( 2p3 )( 2p4 ) = −1; or
(ii) ( 2p3 ) = ( 2p4 ) = −1 and (
p2
p3
)(
p2
p4
) = −1; or
(iii) ( p2p3 )(
p2
p4
) = ( 2p3 )( 2p4 ) = −1 and (
p2
p3
) = ( 2p3 ).
Next, we give an application of this theorem. We ﬁrst mention the following lemma:
Lemma. Let l be a prime number and k∞/k any Zl-extension of number ﬁelds such that any prime of k∞ which
is ramiﬁed in k∞/k is totally ramiﬁed. For each integer n 0, we denote by A(kn) the l-Sylow subgroup of the
ideal class group of kn, the nth layer of k∞/k. If |A(k1)| = |A(k)|, then |A(kn)| = |A(k)| for all n  0, where
| ∗ | means the order of the group.
Proof. See [8, Theorem 1]. 
Assume K satisﬁes one of conditions (1) or (2) of the theorem. It is clear that for every positive integer n,
Kn := K (cos( π2n+2 )), n ∈ N, is the nth layer of the cyclotomic Z2-extension of K . On the other hand, if denote
k = Q(√p2,√p3,√p4), one can obtain that kn := k(cos( π2n+1 )) is the nth layer of the cyclotomic Z2-extension
of k, so k and K have the same cyclotomic Z2-extension. From the preceding theorem, the class number of K is
odd and since K/k is a quadratic ramiﬁed extension, then the class number of k is odd, too. Furthermore, since
every prime of k lying above 2 is totally ramiﬁed in the Z2-extension of k, then from the preceding lemma, for
every positive integer n, kn has an odd class number. Consequently Kn has an odd class number, as well. Hence
we have the following corollary to the preceding theorem.
Corollary. Let p1, p2, p3 and p4 be distinct prime numbers and K = Q(√p1,√p2,√p3,√p4). Assume that
the pi have one of the properties (1) or (2) of the preceding theorem. Then for every n ∈ N, the class number
of K (cos( π
2n+2 )) is odd.
2. Some preliminary results
We ﬁrst ﬁx some notations.
k: number ﬁeld
p: prime number
Ck: the ideal class group of k
Ek: the group of units of k
ok: the integral closure of k
hp(k): the p-class number of k
G(K/k): the absolute genus ﬁeld of the extension K/k
C(K/k): the central extension of the extension K/k
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L(k): the maximal unramiﬁed 2-extension of k
m: positive integer
εm: the fundamental unit of the quadratic number ﬁeld Q(
√
m)
h(m): the class number of the quadratic number ﬁeld Q(
√
m)
h2(m): the 2-part of h(m)
2.1. On Genus ﬁelds and central extensions
Let K/k be a ﬁnite Galois p-extension of number ﬁelds. We deﬁne the absolute Genus ﬁeld of the
extension K/k denoted G(K/k) as the maximal p-extension of K , which is unramiﬁed at all ﬁnite
and inﬁnite primes, and is the compositum of L and some abelian extension of K . We deﬁne the
central extension of K/k denoted C(K/k) as the maximal ﬁnite unramiﬁed p-extension of K such
that C(K/k)/k is normal and Gal(C(K/k)/K ) is contained in the center of Gal(C(K/k)/k). It is clear
that C(K/k)/K is abelian, then C(K/k) is contained in the Hilbert p-class ﬁeld of K .
In the case where K/k is unramiﬁed, from the standard results of class ﬁeld theory, we have an
exact sequence of abelian groups (see for example [4]):
1 → Ek/Ek ∩ NK/k
(
K ∗
)→ Mˆ(Gal(K/k))→ Gal(C(K/k)/G(K/k))→ 1,
where Mˆ(Gal(K/k)) is the dual of M(Gal(K/k)). Hence, we have
∣∣Gal(C(K/k)/G(K/k))∣∣= |Mˆ(Gal(K/k))||Ek/Ek ∩ NK/k(K ∗)| .
Assume K/k cyclic. Denote by r the number of primes of k which are ramiﬁed in K , DK/k the relative
discriminant of K/k and el the ramiﬁcation index of the prime l in K/k. Then, we have the ambiguous
p-class number formula in K/k:
[
G(K/k) : K ]= hp(k)
∏
l|DK/k el
[K : k][Ek : Ek ∩ NK/k(K ∗)] .
In the case when p = 2, K/k is a quadratic extension. Then using the previous formula, we obtain the
following lemma (see for example [1]):
Lemma 2.1. Let K/k be a quadratic extension of number ﬁelds. Assume that the class number of k is odd. Then
the rank of the 2-class group of k is equal to r − e − 1 where 2e = [Ek : Ek ∩ NK/k(K ∗)].
Remark. To determine the positive integer e, we use the norm residue symbol in the quadratic exten-
sion K/k: The values of e is related to the fact that units of k are norms or not in the extension K/k.
2.2. On the units
Denote by Pk the group of principal ideals of k, Ik the group of fractional ideals of k and I p,k =
{I ∈ Ik | ∃n ∈ N, I pn ∈ Pk}. Let K be an unramiﬁed cyclic extension of k and denote G the Galois group
of the extension K/k. The fact that K/k is unramiﬁed implies that every unit of k is a local norm at
all completions of K/k. Moreover, since K/k is cyclic, then by the Hasse Norm theorem, every unit
of k is a norm of an element (not necessarily a unit) in K . The question is when units of k are norms
of units in K?
The following proposition gives us a partial answer to this question:
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of K/k, we have that every unit of k is a norm of a unit in M.
Proof. It suﬃces to prove that every unit of k is a norm of a unit in K . Since the p-class group
of k is cyclic, then the p-part of the class number of K is trivial. Thus P K = I p,K and H1(G, PK )
is equal to the cohomology group H1(G, I p,K ) which is trivial. On other hand, it is well known that
H0(G, EK ) = Ek/NK/k(EK ), therefore from the isomorphism H0(G, EK )  H1(G, PK ) [9, Lemma 1], the
proposition is proved. 
2.2.1. On the units of quadratic and biquadratic number ﬁelds
Let k = Q(√m,√n) be the biquadratic number ﬁeld, where m and n are two positive integers. Let
Qk = [Ek : EQ(√m)EQ(√n)EQ(√mn)] be the group index of units of k. By Dirichlet’s unit theorem, a fun-
damental system of units of k contains three units. For each l ∈ {m,n,mn}, denote nl = NQ(√l)/Q(εl).
T. Kubota has shown that a fundamental system of units of k is of one of the following seven forms
[10, Satz 11]:
(1) {εm, εn, εmn},
(2) {εi, ε j,√εk} (nk = 1),
(3) {√εi,√ε j, εk} (ni = n j = 1),
(4) {√εiε j, ε j, εk} (ni = n j = 1),
(5) {√εiε j,√εk, εi} (n1 = n2 = n3 = 1),
(6) {√ε1ε2,√ε1ε3,√ε2ε3} (n1 = n2 = n3 = 1),
(7) {√ε1ε2ε3, ε2, ε3} (n1 = n2 = n3 = 1),
for i, j,k distinct such that {i, j,k} = {m,n,mn}
By the cited forms, we remark that the index Qk is equal to 1,2 or 4. Furthermore, by [12, Satz 5],
the class number of k is given by the following formula:
h(k) = Qk
4
h(m)h(n)h(mn).
We ﬁnd in [14] a generalized formula of the class number for any multiquadratic number ﬁeld.
The following lemma gives a remark on the fundamental unit of some real quadratic number ﬁelds.
Lemma 2.3. Let K be a real quadratic number ﬁeld with the fundamental unit ε and discriminant D. Suppose
that NK/Q(ε) = 1. Then there exists a positive square free integer m dividing D such that mε is a square in K .
Proof. Since NK/Q(ε) = 1, then by Hilbert’s Theorem 90, there exists a number α ∈ K such that
ε = αασ where σ is the non-trivial automorphism of K . Moreover, since σ acts trivially on Q, then we
can choose α such that it becomes an integer in K not divisible by any rational number. Let P be
a prime ideal of K dividing the ideal (α) generated by α. It is clear that Pσ divides (α), so under
the hypothesis α is not divisible by any rational number, the prime ideal P must lies above than a
prime number l ramiﬁed in K . This shows that l divides D . Then, αασ = NK/Q(α) divides D and since
εαασ = α2, the result holds. 
2.3. On the 2-class group of some multiquadratic ﬁelds
We mention some known results on the rank of the 2-class group of some quadratic and bi-
quadratic number ﬁelds. Moreover we select some multiquadratic number ﬁelds with even class
number.
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1 (mod 4) and let k = Q(√2p2p3p4). Then Gal(L(k)/k)  Z/2Z × Z/2Z if and only if condition (2) of
the theorem is satisﬁed.
Proof. See [3, Proposition 1, Table, p. 175]. 
Lemma 2.5. Let p1, p2, p3 and p4 be distinct prime numbers such that p1 = 2, p2 ≡ p3 ≡ p4 ≡ −1 (mod 4)
and let k = Q(√2,√p2p3p4). Then Gal(L(k)/k)  Z/2Z × Z/2Z if and only if condition (1) of the theorem
is satisﬁed.
Proof. See [2, Theorems 5 and 11]. 
Before proving our main theorem we establish the following proposition.
Proposition 2.6. Let p1, p2 and p3 be prime numbers such that p1 ≡ p2 ≡ −p3 ≡ 1 (mod 4). Then the class
number of K = Q(√2,√p1,√p2,√p3) is even.
Proof. We set k := Q(√2p1,√p2p3). One can see that K/k is an unramiﬁed extension. According
to genus theory h2(2p1), h2(p2p3) are even and h2(2p1p2p3) is divisible by 4. In the case where
Qk  2, from the equality h2(k) = Qk4 h2(2p1)h2(p2p3)h2(2p1p2p3) [Section 2.2], h2(k) is divisible
by 8. Thus, since K/k is of degree equal to 4, the class number of K is even. We shall suppose in
the next that Qk = 1, h2(2p1) ≡ h2(p2p3) ≡ 2 (mod 4) and h2(p1p2p3) ≡ 4 (mod 8) in order to
obtain h2(k) ≡ 4 (mod 8).
Since Qk = 1, then {ε2p1 , εp2p3 , ε2p1p2p3 } is a fundamental system of units of k (Section 2.1). By
Section 2.1, since K/k is unramiﬁed, we have
∣∣Gal(C(K/k)/G(K/k))∣∣= |Mˆ(Gal(K/k))||Ek/Ek ∩ NK/k(K ∗)| ,
where G(K/k) = K and ˆM(G)  M(G)  Z/2Z. Then proving the proposition reduces to proving
that the units −1, ε2p1 , εp2p3 , ε2p1p2p3 are norms in K/k. This is related to determining proper sub-
extensions M of K/k in which the last units are norms of units.
We know that Nk(
√
2)/k(ε2) = NQ(√2)/Q(ε2) = −1. Then −1 is a norm of a unit in the unramiﬁed
quadratic extension k(
√
2)/k.
Next we show that the units ε2p1 and εp2p3 are norms in an unramiﬁed quadratic extension
of k. By genus theory, the quadratic ﬁelds Q(
√
2p1) and Q(
√
p2p3) have cyclic 2-class groups. Since
Q(
√
2,
√
p1)/Q(
√
2p1) and Q(
√
p2,
√
p3)/Q(
√
p2p3) are unramiﬁed cyclic extensions, then by Propo-
sition 2.2, ε2p1 and εp2p3 are respectively norms of units in the extensions Q(
√
2,
√
p1)/Q(
√
2p1) and
Q(
√
p2,
√
p3)/Q(
√
p2p3). Hence ε2p1 is a norm of a unit in the extension k(
√
2)/k and εp2p3 is a
norm of a unit in the extension k(
√
p2)/k.
It remains to prove that ε2p1p2p3 is a norm of a unit in an unramiﬁed quadratic extension over k.
We know that NQ(
√
2p1p2p3)/Q(ε2p1p2p3 ) = 1. Then by Lemma 2.3, there exists a positive integer m
dividing 2p1p2p3 such that mε2p1p2p3 is a square in Q(
√
2p1p2p3). Consequently,
√
ε2p1p2p3 is con-
tained in the triquadratic number ﬁeld k(
√
m) which is unramiﬁed over k. Indeed, it is clear that
the prime number 2 is ramiﬁed in Q(
√
2p1) and in Q(
√
2p1p2p3), and also in Q(
√
p2p3) (since
p2 ≡ −p3 ≡ 1 (mod 4)). Thus 2 is totally ramiﬁed in k. One can readily verify that in any multi-
quadratic number ﬁeld, the ramiﬁcation index of 2 is  4 and the ramiﬁcation index of an odd prime
number is  2. This shows that the extension k(
√
m)/k is unramiﬁed.
On other hand, since Qk = 1, then √ε2p1p2p3 /∈ k and we have
Nk(
√
m)/k(
√
ε2p1p2p3 ) = ±ε2p1p2p3 .
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√
m)/k and the fact that −1 is a norm of
an element in the extension K/k implies that ε2p1p2p3 is a norm of an element in the extension K/k.
Consequently every unit of k is a norm of an element in K . This allows us to conclude that the class
number of K is even. 
3. Proof of the theorem
We let the notations be the same as in Section 2.
Let p1, p2, . . . , pn be distinct prime numbers and K = Q(√p1,√p2, . . . ,√pn). In [7], A. Fröhlich
has shown that the class number of K is even whenever the number of ramiﬁed primes is  5. If
n 3, we ﬁnd in [3,5–7,11] list of ﬁelds K with odd class number.
In this section, we are interested to determine the ﬁelds K with n = 4 and odd class number.
By ramiﬁcation properties in quadratic ﬁelds, it is easy to see that the number of primes ramiﬁed
in K is equal to 4 whenever one of the following cases is veriﬁed:
(1) p1 = 2, p2 ≡ p3 ≡ p4 ≡ −1 (mod 4).
(2) p1 = 2, p2 ≡ −p3 ≡ −p4 ≡ 1 (mod 4).
(3) p1 = 2, p2 ≡ p3 ≡ −p4 ≡ 1 (mod 4).
(4) p1 ≡ −1 (mod 4), p2 ≡ p3 ≡ p4 ≡ 1 (mod 4).
Case (3) is studied in Proposition 2.6. In case (4), from [13, Theorem 5.3], the rank of the 2-class
group of K is  2.
In what follows we will be interested in cases (1) and (2). We shall give a necessary and suﬃcient
conditions for the triviality of the 2-class group of K .
Proof of the theorem. Case (1): p1 = 2, p2 ≡ p3 ≡ p4 ≡ −1 (mod 4).
Let k := Q(√2,√p2p3p4). The extension K/k is abelian and unramiﬁed with Galois group isomor-
phic to Z/2Z × Z/2Z. Thus, the class number of K is odd if and only if Gal(L(k)/k) is isomorphic to
Z/2Z × Z/2Z (L(k) = K ). By Lemma 2.5, we ﬁnd that the class number of K is odd if and only if
case (1) of the theorem is satisﬁed. Then we have the ﬁrst part of the theorem.
Case (2): Let p1 = 2, p2 ≡ −p3 ≡ −p4 ≡ 1 (mod 4).
We put k := Q(√2p2p3p4). The absolute genus ﬁeld of k/Q is G(k/Q) = Q(
√
2,
√
p2,
√
p3p4). Sup-
pose that the class number of K is odd. Since the quadratic extension K/G(k/Q) is ramiﬁed, then
the class number of G(k/Q) is odd. Thus, L(k) is exactly G(k/Q), so Gal(L(k)/k) is isomorphic to
Z/2Z× Z/2Z. Then, from Lemma 2.4, the condition (2) of the theorem is satisﬁed. Conversely, assume
that the condition (2) of the theorem is veriﬁed. We shall prove that the class number of K is odd.
From Lemma 2.4, the class number of G(k/Q) is odd. We have ( 2p2 ) = −1, moreover the number
of primes of G(k/Q) which are ramiﬁed in K is equal to 2. Consequently from Lemma 2.1, we have
rank2(CK ) = r − e − 1 such that r = 2 and 2e = [EG(k/Q) : EG(k/Q) ∩ NK/G(k/Q)(K ∗)]. Then to prove that
the class number of K is odd, it suﬃces to determine a unit of G(k/Q) which is not a norm in the
extension K/G(k/Q). Let L = Q(√2,√p2p3p4) and M = Q(√2p2,√p3p4).
Since ( 2p2 ) = −1, one of the ﬁelds M or L veriﬁes 2oF = P21P22 where F = M or L and P1, P2
are two distinct prime ideals of F which remain inert in G(k/Q). We know that, one of the units ε2
or ε2p2 is contained in F . Deﬁne the unit u of F as follows:
u =
{
ε2 if F = L,
ε2p2 if F = M.
Since G(k/Q) has odd class number, one can readily verify that L and M have cyclic 2-class groups
and they have the same Hilbert 2-class ﬁeld: G(k/Q). Therefore, by Proposition 2.2, u is a norm of
a unit w in G(k/Q)/F . It remains to prove that w is not a norm in K/G(k/Q). We shall compute
the following norm residue symbol in the extension K/G(k/Q): ( w,p3Q ) where Q is a prime ideal
of G(k/Q) lying above P1.
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(
w, p3
Q
)
=
(
NG(k/Q)/F (w), p3
P1
)
=
(
u, p3
P1
)
. (1)
Let F0 be the splitting ﬁeld of 2 in the extension F/Q. We know that
NQ(
√
2)/Q(ε2) = NQ(√2p2)/Q(ε2p2 ) = −1
(since p2 ≡ 1 (mod 4) and ( 2p2 ) = −1). Thus NF/F0(u) = −1, so the equality (1) becomes
(
w, p3
Q
)
=
( −1, p3
NF/F0(P1)
)
.
Furthermore, the fact that 2 is decomposed in the quadratic ﬁeld F0 implies
(
w, p3
Q
)
=
( −1, p3
NF/F0(P1)
)
=
(−1, p3
2
)
=
(−1
p3
)
= −1.
Consequently, we constructed a unit of G(k/Q) which is not a norm in the extension K/G(k/Q). This
allows us to conclude that the class number of K is odd and complete the proof of the theorem. 
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